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The wave propagation analysis in corrugated waveguides is considered in this paper. Elastic wave propagation in a two-
dimensional periodically corrugated plate is studied here analytically. The dispersion equation is obtained by applying the
traction free boundary conditions. Solution of the dispersion equation gives both symmetric and anti-symmetric modes. In
a periodically corrugated waveguide all possible spectral order of wave numbers are considered for the analytical solution.
It has been observed that the truncation of the spectral order inﬂuences the results. Truncation number depends on the
degree of corrugation and the frequency of the wave. Usually increasing frequency requires increasing number of terms
in the series solution, or in other words, a higher truncation number. For diﬀerent degrees of corrugation the Ray-
leigh–Lamb symmetric and anti-symmetric modes are investigated for their non-propagating ‘stop bands’ and propagating
‘pass bands’. To generate the dispersion equation for corrugated plates with a wide range of the degree of corrugation,
appropriate truncation of the spectral orders has to be considered. Analytical results are given for three diﬀerent degrees
of corrugation in three plates. Resonance of symmetric and anti-symmetric modes in these plates, their ‘cut-oﬀ’, ‘cut-on’,
‘branch-point’, ‘change-place’, ‘mode conversion’ and ‘pinch points’ at various frequencies are also studied.
 2006 Elsevier Ltd. All rights reserved.
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symmetric mode1. Introduction
This research paper presents the theoretical analysis of wave propagation in structures with corrugated
boundaries. Wave propagation analysis in structures with planar and curved boundaries has been the subject
of numerous investigations for over ﬁve decade. In the traditional wave propagation analysis, smooth ﬂat or
smooth cylindrical boundaries such as those in plates, pipes and smooth reinforcing bars in concrete, etc. have
been considered. The analytical solution of wave propagation in structures with non-planar boundaries and
interfaces has been the topic of investigation in the last three decades (Abubakar, 1962; Nayfeh, 1974; Nayfeh0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.01.005
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El-Bahrawy, 1994a,b; Banerjee and Kundu, 2004; Nico et al., 2005). Recently non-destructive evaluation of
diﬀerent aerospace structures, components of integrated smart structures with non-planar boundaries and civil
structural components (rebars, pipelines, etc.) have gained enormous popularity. For correct interpretation of
the experimental results in these structures, a complete understanding of elastic wave propagation in corru-
gated structures is necessary. In recent years acoustic frequency ﬁlter is also gaining popularity in the ﬁeld
of vibration and noise control and structural band gap analysis. Sometimes the structures are designed to
create band gaps at desired frequencies. This study of sinusoidally corrugated waveguides is useful for this
application also. The ﬁnal objective of this research paper is to ﬁnd the pass bands of the symmetric and
anti-symmetric modes that have ‘cut-on’ resonances in the direction of propagation of the wave in sinusoidally
corrugated waveguides. The resonance phenomenon between two modes has been studied by Nayfeh and
Kandil (1978) for acoustic waveguides with small corrugation where perturbation method can be applied.
However in many practical applications the corrugation height is not necessarily small in comparison to
the plate thickness. The ﬁrst attempt to analyze plates with higher corrugation depth was made by Bostro¨m
(1983a,b) for electromagnetic waveguides. Later Standstro¨m (1986) has discussed stop bands in sinusoidally
corrugated waveguides by applying the null-ﬁeld approach, developed by Waterman (1975). Standstro¨m
(1987) compared diﬀerent techniques for the corrugated parallel plate analysis.
The wave propagation analysis near sinusoidally corrugated ﬂuid–solid interface has been discussed by
Fokkemma (1980) by the modal superposition technique. Although a number of researchers have studied
the electromagnetic wave propagation near surface grating and in corrugated waveguides not many investiga-
tors studied the problem of elastic wave propagation in corrugated plates. The problem of elastic wave prop-
agation in sinusoidally corrugated waveguide has been considered by El-Bahrawy (1994a) for only symmetric
Rayleigh–Lamb modes. Classical modal technique was adopted for this analysis. In this study the dispersion
equation was developed for only symmetric modes. Stop bands and pass bands of the symmetric modes were
studied extensively by El-Bahrawy. In El-Bahrawy’s (1994a) work the stop band of the fundamental symmet-
ric mode did not disappear when the depth of corrugation of the plate approached zero. It contradicts the
experimental and theoretical results for plates with plane boundaries. This problem has been reformulated
in our paper by modal superposition technique using plane wave potentials (P-wave and S-wave potentials)
to investigate if it is possible to overcome the limitations of El-Bahrawy’s analysis. Both symmetric and
anti-symmetric Rayleigh–Lamb modes in sinusoidally singly corrugated waveguide are studied. To extend
the problem to two-dimensionally corrugated structures El-Bahrawy (1994b) formulated the wave propaga-
tion problem in elastic half-space with doubly corrugated surface. Similar problem with diﬀraction of homo-
geneous and inhomogeneous plane waves on a doubly corrugated liquid–solid interface has been recently
studied by Nico et al. (2005). However, both symmetric and anti-symmetric modes in a singly corrugated
waveguide has not been studied yet and is carried out in this paper. The objective here is to generalize the dis-
persion equation to study both symmetric and anti-symmetric modes in corrugated waveguides with diﬀerent
degrees of corrugation varying from very small (approaching zero) to large corrugation depth. Another moti-
vation for this study is to design acoustic frequency ﬁlters by varying the degree of corrugation to create band
gaps. Several studies have been carried out in recent years to design band gap structures for applications in
vibration control and acoustic frequency ﬁlters (Shen and Cou, 2000). The analysis is based on the transfer
matrix method and Floquet’s theorem to derive the dispersion relation for acoustic wave propagation in a
periodic layered structure. Signiﬁcant research work is needed in the ﬁeld of vibration control of structures
for designing acoustic ﬁlters to stop desired frequency from passing through the structure. Therefore, a better
understanding of pass bands and stop bands in the corrugated structures is not only of academic interest but
also is relevant to practical needs such as in industrial applications.
2. Theory
An isotropic, homogeneous, symmetrically periodic sinusoidal elastic waveguide is considered. The mean
depth or thickness of the plate is 2h. A schematic diagram of the plate is shown in Fig. 1. As shown in the
ﬁgure, the surface is corrugated and the corrugation height above the mean surface is e. The wavelength of
the periodic surface is D. The Cartesian co-ordinate system is adopted for this problem (see Fig. 1). The
Fig. 1. A schematic of sinusoidally corrugated parallel waveguide (not to scale).
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tion 1 corresponds to x1-axis, and 2 represents x2-axis. The equation of the plate surfaces are given as follows:
for the top surfacex2 ¼ hþ e sin 2px1D
 
ð1Þ
for the bottom surface
x2 ¼ h e sin 2px1D
 
ð2Þ
A series of reﬂections at the corrugated surface generate a spectrum of wave numbers. However, all wave
numbers cannot pass through the waveguide. In a plate segment ﬁrst it is assumed that all possible spectral
orders of wave number are present (Fokkemma, 1980) and each wave number has its own wave amplitude.
Waves propagating in diﬀerent directions with diﬀerent wave numbers are shown in Fig. 2. An inﬁnite numberFig. 2. Representation of generated wave numbers in corrugated parallel waveguide (not to scale).
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waveguide. The nth wave number (kn) is written as (Fokkemma, 1980)kn ¼ k þ 2pnD ; kD 2 0; 2p½  ðn ¼ 0;1;2; . . .Þ ð3ÞMass density of the elastic plate material is q and Lame´ constants are k and l. Hence, the shear wave speed
in the medium is cs ¼
ﬃﬃ
l
q
q
and the P-wave speed is cp ¼
ﬃﬃﬃﬃﬃﬃﬃ
kþ2l
q
q
. Shear wave number (S-wave number) is ks ¼ xcs
and the P-wave number is kp ¼ xcp, where x is the propagating wave frequency in rad/s. The stress–strain and
strain–displacement relations in the elastic medium arerij ¼ 2leij þ kekkdij ð4Þ
eij ¼ 1
2
ui;j þ uj;i
  ð5ÞUsing Stokes–Helmholtz decomposition we can write the displacement as a function of two potential
functionsui ¼ U;i þ eijkWk;j ð6Þ
where eijk is permutation symbol and dij of Eq. (4) is Kronecker delta.
Taking derivatives of displacementui;p ¼ U;ip þ eijkWk;jp ð7Þ
where both subscripts i and p take values 1 and 2 for two-dimensional problems in x1x2 plane. Substituting Eq.
(6) into Eq. (5) and then in (4) we get stresses in terms of the potential functions.rij ¼ l½2U;ij þ eipqWq;pj þ ejcdWd;ci þ k½U;pp þ epqrWr;qpdij ð8Þ
Eq. (3) can be re-written in terms of the P-wave number (kp) and S-wave number (ks),kn ¼ kp kkp þ
2pn
Dkp
 
¼ ks kks þ
2pn
Dks
 
ð9ÞTherefore, the wave number components in x2 direction for P-wave and S-wave propagations aregn ¼ kp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
kp
þ 2pn
Dkp
 2s
ð10Þandbn ¼ ks
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
ks
þ 2pn
Dks
 2s
ð11Þrespectively.
2.1. Stress formulation
Here as in all subsequent equations the time dependency factor eixt is omitted. All up-going and down-
going P-waves can be written in terms of the scalar potential functions,U ¼
Xn¼1
n¼1
/n ¼
Xn¼1
n¼1
Apn eþiðknx1þgnx2Þ þ
Xn¼1
n¼1
Bpn eþiðknx1gnx2Þ ð12ÞSimilarly, for the S-wave the vector potential function can be written asW ¼
Xn¼1
n¼1
wn ¼
Xn¼1
n¼1
Asn eþiðknx1þbnx2Þ þ
Xn¼1
n¼1
Bsn eþiðknx1bnx2Þ ð13Þ
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Xn¼1
n¼1
Apnðk2nÞeþiðknx1þgnx2Þ þ
Xn¼1
n¼1
Bpnðk2nÞeþiðknx1gnx2Þ ð14Þ
U;22 ¼
Xn¼1
n¼1
Apnðg2nÞeþiðknx1þgnx2Þ þ
Xn¼1
n¼1
Bpnðg2nÞeþiðknx1gnx2Þ ð15Þ
U;12 ¼
Xn¼1
n¼1
ApnðkngnÞeþiðknx1þgnx2Þ þ
Xn¼1
n¼1
BpnðkngnÞeþiðknx1gnx2Þ ð16Þ
W;11 ¼
Xn¼1
n¼1
Asnðk2nÞeþiðknx1þbnx2Þ þ
Xn¼1
n¼1
Bsnðk2nÞeþiðknx1bnx2Þ ð17Þ
W;22 ¼
Xn¼1
n¼1
Asnðb2nÞeþiðknx1þbnx2Þ þ
Xn¼1
n¼1
Bsnðb2nÞeþiðknx1bnx2Þ ð18Þ
W;12 ¼
Xn¼1
n¼1
AsnðknbnÞeþiðknx1þbnx2Þ þ
Xn¼1
n¼1
BsnðknbnÞeþiðknx1bnx2Þ ð19ÞSubstituting Eq. (14)–(19) into Eq. (8) three stress components r11, r22 and r12 are obtained. For 2-D prob-
lems both i and j take values 1 and 2 in the following expressions:rij ¼
X
ApnTP
þ
nij þ
X
BpnTP

nij þ
X
AsnTS
þ
nij þ
X
BsnTS

nij ð20ÞwhereTPnij ¼ kðk2n  g2nÞdij eik

pnx þ ð1Þiþj2lðkinkjnÞeikpnx ð21Þ
TSnij ¼ lðk2n  b2nÞxij eik

snx þ ð1Þij2lðknbnÞn eik

snxdij ð22ÞFor convenience, while developing the computer code, we write k1n = kn and k2n = gn. In Eqs. (21) and (22) dij
is Kronecker delta and xij = 1 if i5 j and 0 for i = j.
P
is the symbol for summation from negative inﬁnity to
positive inﬁnity, i.e.
P ¼Pn¼1n¼1.
2.2. Displacement formulation
Similarly displacements can be written asui ¼
X
ApnUP
þ
ni þ
X
BpnUP

ni þ
X
AsnUS
þ
ni þ
X
BsnUS

ni ð23ÞwhereUSni ¼ ð1Þii
knbn
kin
eik

snx and UPni ¼ ð1Þiikin eik

pnx ð24Þ2.3. Boundary conditions
There are two boundary surfaces associated with this problem. One for x2 2 Rþ and another for x2 2 R.
Equation of the surfaces for x2 2 Rþ and x2 2 R are given in Eqs. (1) and (2), respectively. The equations for
the unit normal on the x2 2 Rþ surface can be written asn1 ¼
2pe
D cos
2px1
D þ p
 
2pe
D
 2
cos2 2px1D þ p
 þ 1h i12 ð25Þ
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2pe
D
 2
cos2 2px1D þ p
 þ 1h i12 ð26Þ
Note that n1 is the projection of the unit normal along the x1-axis, and n2 is its projection in the x2 direction.
For the surface at x2 2 R the n1 component will be the same but the n2 component will be the negative of
Eq. (26). Therefore, the boundary conditions for the traction free boundary at x2 ¼ hþ e sin 2px1D
 
can be writ-
ten asBoundary Condition 1 r11n1 þ r12n2 ¼ 0 ð27Þ
Boundary Condition 2 r12n1 þ r22n2 ¼ 0 ð28Þboundary conditions for the traction free boundary at x2 ¼ h e sin 2px1D
 Boundary Condition 3 r11n1  r12n2 ¼ 0 ð29Þ
Boundary Condition 4 r12n1  r22n2 ¼ 0 ð30ÞUnfortunately, the above form of boundary conditions is not well deﬁned to generate suﬃcient number of
equations to obtain the dispersion relation for the symmetrically corrugated plate. To get the dispersion rela-
tion, these equations must be multiplied by 1n2 e
ikmx1 and then integrated over x1 for one period of corrugation,
where m can be any integer. This technique is nothing but applying the orthogonality condition and trans-
forming the equation in the wave number domain with integers m and n. If the left-hand side of any boundary
condition of Eqs. (27)–(30) is designated as BC then the orthogonality condition tells us that when m = n,
BC; 1n2 e
ikmx1
D E
¼ R D
0
BC  1n2 eikmx1 dx1 on x1 2 L2 space and if m5 n, BC; 1n2 eikmx1
D E
¼ 0. For example let
us consider the case when m and n can take values 1, 0 and 1. Since we have four boundary conditions,
in this case we have 12 unknowns giving rise to a 12 · 12 matrix. This matrix is given in Eq. (31). The matrix
elements are denoted as BCNþ=np=s where N = 1, 2, 3 or 4, and n = 1, 0 or 1. Meaning of this term is explained
with an example. BC2þ1p represents the element developed from the boundary condition 2. Positive sign at the
superscript represents the element corresponding to the up-going wave. Subscript p is for P-wave and s is for
S-wave. Assuming Im(gn) = 0 the elements in the matrix can be expressed as given in Eq. (32).BC1þ1p 0 0 BC1

1p 0 0 BC1
þ
1s 0 0 BC1

1s 0 0
0 BC1þ0p 0 0 BC1

0p 0 0 BC1
þ
0s 0 0 BC1

0s 0
0 0 BC1þ1p 0 0 BC1

1p 0 0 BC1
þ
1s 0 0 BC1

1s
BC2þ1p 0 0 BC2

1p 0 0 BC2
þ
1s 0 0 BC2

1s 0 0
0 BC2þ0p 0 0 BC2

0p 0 0 BC2
þ
0s 0 0 BC2

0s 0
0 0 BC2þ1p 0 0 BC2

1p 0 0 BC2
þ
1s 0 0 BC2

1s
BC3þ1p 0 0 BC3

1p 0 0 BC3
þ
1s 0 0 BC3

1s 0 0
0 BC3þ0p 0 0 BC3

0p 0 0 BC3
þ
0s 0 0 BC3

0s 0
0 0 BC3þ1p 0 0 BC3

1p 0 0 BC3
þ
1s 0 0 BC3

1s
BC4þ1p 0 0 BC4

1p 0 0 BC4
þ
1s 0 0 BC4

1s 0 0
0 BC4þ0p 0 0 BC4

0p 0 0 BC4
þ
0s 0 0 BC4

0s 0
0 0 BC4þ1p 0 0 BC4

1p 0 0 BC4
þ
1s 0 0 BC4

1s
2
6666666666666666666666666666666664
3
7777777777777777777777777777777775
Ap1
Ap0
Apþ1
Bp1
Bp0
Bpþ1
As1
As0
Asþ1
Bs1
Bs0
Bsþ1
8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:
9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;
¼
0
0
0
0
0
0
0
0
0
0
0
0
8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:
9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;
ð31Þ
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  ð32:1Þ
BC1np ¼ 2lðkngnÞ Deihgn J 0ðegnÞ  iH 0ðegnÞð Þ
  ð32:2Þ
BC1þns ¼ lðk2n  b2nÞ Deihbn J 0ðebnÞ þ iH 0ðebnÞð Þ
  ð32:3Þ
BC1ns ¼ lðk2n  b2nÞ Deihbn J 0ðebnÞ  iH 0ðebnÞð Þ
  ð32:4Þ
BC2þnp ¼ ½kðk2n  g2nÞ þ 2lðg2nÞ Deihgn J 0ðegnÞ þ iH 0ðegnÞð Þ
  ð32:5Þ
BC2np ¼ ½kðk2n  g2nÞ þ 2lðg2nÞ Deihgn J 0ðegnÞ  iH 0ðegnÞð Þ
  ð32:6Þ
BC2þns ¼ 2lðknbnÞ Deihbn J 0ðebnÞ þ iH 0ðebnÞð Þ
  ð32:7Þ
BC2ns ¼ 2lðknbnÞ Deihbn J 0ðebnÞ  iH 0ðebnÞð Þ
  ð32:8Þ
BC3þnp ¼ 2lðkngnÞ Deihgn J 0ðegnÞ  iH 0ðegnÞð Þ
  ð32:9Þ
BC3np ¼ 2lðkngnÞ Deihgn J 0ðegnÞ þ iH 0ðegnÞð Þ
  ð32:10Þ
BC3þns ¼ lðk2n  b2nÞ Deihbn J 0ðebnÞ  iH 0ðebnÞð Þ
  ð32:11Þ
BC3ns ¼ lðk2n  b2nÞ Deihbn J 0ðebnÞ þ iH 0ðebnÞð Þ
  ð32:12Þ
BC4þnp ¼ ½kðk2n þ g2nÞ þ 2lðg2nÞ Deihgn J 0ðegnÞ  iH 0ðegnÞð Þ
  ð32:13Þ
BC4np ¼ ½kðk2n þ g2nÞ þ 2lðg2nÞ Deihgn J 0ðegnÞ þ iH 0ðegnÞð Þ
  ð32:14Þ
BC4þns ¼ 2lðknbnÞ Deihbn J 0ðebnÞ  iH 0ðebnÞð Þ
  ð32:15Þ
BC4ns ¼ 2lðknbnÞ Deihbn J 0ðebnÞ þ iH 0ðebnÞð Þ
  ð32:16ÞBecause of the sinusoidal shape of the surface the integration gives the integral representation of Bessel func-
tions and Struve functions. The Struve function Hn(z) appears in the solution of the inhomogeneous Bessel
equation which for integer n has the form z2 d
2y
dz2 þ z dydz þ ðz2  n2Þy ¼ 2p z
nþ1
ð2n1Þ!!; the general solution of this equa-
tion consists of a linear combination of the Bessel functions and the Struve function Hn(z). The integral form
of the Struve function can be deﬁned as (Horton, 1950; Watson, 1966)HnðzÞ ¼
2 1
2
z
 n
C nþ 1
2
 
C 1
2
  Z 1
0
ð1 t2Þn12 sinðztÞdt. ð33ÞIf the matrix in Eq. (31) is denoted as [T]; then the Dispersion equation is obtained fromDet½T ¼ 0 ð34Þ
For n5 0 the dispersion equation will give multiple solutions for each value of k. Theoretically at n = 0 and
e = 0, i.e. for a plate with two planar surfaces, Eq. (34) should give Rayleigh–Lamb equation for symmetric
and anti-symmetric modes, because for planner surface n1 = 0 and n2 = 1. For e = 0 from Eq. (31) we can see
that J0(egn) = 1 and H0(egn) = 0. Hence, for plate with planer surfaces, dimension of the [T] matrix is 4 · 4.
However, our interest here is to investigate if there is any possible truncation (dimension of [T] matrix) of
the spectral order for which the dispersion equation (Eq. (34)) approaches Rayleigh–Lamb frequency equation
for ﬂat plates as the corrugation depth approaches zero.
3. Numerical results
The numerical analysis is carried out based on the analytical formulation discussed above. MATLAB 7.1
R-14 and Lapack library functions are used to generate the numerical results. For analytical solution wave
numbers for the guided waves are determined by solving Eq. (34) numerically. The numerical results are pre-
sented in this paper for a corrugated aluminum plate with Lame´ constants k and l equal to 61.21 GPa and
26.32 GPa, respectively and density equal to 2.643 g/cc. P-wave and S-wave speeds in the material are
obtained from the elastic constants cp = 6563.234 m/s and cs = 3155.69 m/s. The plate geometry is shown
in Fig. 1. Three aluminum plates with diﬀerent degrees of corrugation are considered to investigate the eﬀect
Table 1
Plate dimensions (in mm) and corrugation ratios
2h (mm) D (mm) e (mm) 2hD
e
D
Plate 1 11.632 10.795 0.5334 1.08 0.049
Plate 2 10.16 9.398 1.27 1.08 0.135
Plate 3 8.7376 9.652 1.9812 0.91 0.205
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Dimensions of the plates and corrugation geometry are given in Table 1.
The frequency is normalized with respect to the average thickness of the plate and shear wave speed of the
material (Achenbach, 1976). The normalized frequency is written as X ¼ xhcs . Similarly the normalized wave
numbers are written as kh, where k is the solution of the dispersion equation, and as mentioned earlier
k þ 2pnD are also solutions of the dispersion equation for any integer value of n. For phase velocity dispersion
curves the phase velocity in the material is normalized with respect to the shear wave velocity (cs). From the
mathematical formulation it is evident that for the complete solution an inﬁnite number of wave amplitude
values are to be considered. However, for the numerical computation the inﬁnite series must be truncated.
The number of terms to be considered depends on the e/D ratio and the normalized frequency (X). At lower
frequencies fewer terms in the series are needed. In the earlier study (El-Bahrawy, 1994a) it was found that the
stop bands of the fundamental symmetric mode did not disappear near zero corrugation depth (e! 0).
Clearly the results obtained by El-Bahrawy did not converge to the expected result. To investigate if that
expected result can be achieved in our analysis a convergence study is performed for the fundamental symmet-
ric mode with our dispersion equation (Eq. (34)). In the convergence study a very small value (0.001) is taken
for e. The numerical calculation includes computation of the Bessel’s functions, Sturve functions and root
searching from Eq. (34). Normalized wave number (kh) corresponding to diﬀerent frequencies (X) from the
Rayleigh–Lamb frequency equation is considered as the ﬁrst intelligent guess and given as input in Eq. (34)
to search for the roots. It is expected that for e/D! 0, the provided wave number (kh) will be the real rootFig. 3. Stop bands (grey regions) of the fundamental symmetric mode as a function of the normalized frequency and truncation number as
e
D ! 0.
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transformed into complex roots. For fundamental symmetric mode the stop band frequencies (grey regions)
with truncation number are presented in Fig. 3. The stop bands of the fundamental symmetric mode are
detected near p, 3p/2, 2p and 3p for truncation number 4 or less. The cluster of stop band frequencies grad-
ually decreases with increasing truncation number. The stop band around p disappears near truncation num-
ber 16. Therefore, n for the matrix in Eq. (31) should vary from 16 to 16. Therefore, the matrix dimension
will have to be 132 · 132 to get rid of all stop bands. The results presented here is computed with a truncation
number of 21, thus n is varying from 21 to 21.
Symmetric and anti-symmetric modes in the corrugated waveguide are sensitive to the Poisson’s ratio of the
material. The Poisson’s ratio of the material considered for our analysis is 0.35. It is found that at a critical
value of Poisson’s ratio (=1/3) the ﬁrst and second symmetric modes, the ﬁrst and second anti-symmetric
modes, the fundamental symmetric and ﬁrst anti-symmetric modes have same cut-oﬀ frequency.
Numerical results are presented for fundamental and ﬁrst two higher-order modes with the normalized fre-
quency ranging from 0 to 2p. Fig. 4(a)–(f) illustrate how the wave number (left column) and phase velocity
(right column) of the fundamental mode vary with frequency in the corrugated waveguide with varied degrees
of corrugation. Three rows in Fig. 4 correspond to three diﬀerent plates described in Table 1. Similarly Figs. 5
and 6 show higher-order (ﬁrst and second) symmetric and anti-symmetric modes in the three plates. The wave
numbers with non-zero imaginary part are evanescent modes that cannot propagate and are non-dispersive. In
these ﬁgures we can see that, parts of the dispersion curves have steady wave number that does not change with
frequency. These frequency ranges for which the wave cannot propagate are called stop bands. Also, note that
in the phase velocity plots the modes have discontinuities at certain frequencies and for some frequencies they
have multiple values. Discontinuities indicate stop bands and the regions with multiple values are called as
‘cross-over’ regions (Bostro¨m, 1982). Two modes are ‘cut-oﬀ’ when the propagating modes are propagated
opposite to each other. Similarly, two modes are ‘cut-on’ when the propagating or resonant modes propagate
in the same direction. Cut-oﬀ and cut-on can happen due to resonance within symmetric and anti-symmetric
modes with their higher modes produced by the fundamental mode with 2pn/D increment. At some frequencies
resonating modes can convert from one mode to another mode, which is called as mode conversion at ‘branch-
point’ and two resonating modes can ‘change-place’ (Bostro¨m, 1989; Glass and Maradudin, 1983). The
‘change-place’ resonance phenomenon can occur when the diﬀerence between or summation of wave numbers
of any two diﬀerent modes are a multiple of the wave number of the wall corrugation. These resonances lead to
the stop bands or produce cross-over. On the other hand most possible mode conversion can happen from anti-
symmetric mode to symmetric modes. However, for the three symmetrically corrugated waveguides considered
here the conversion from symmetric mode to anti-symmetric mode and vice-versa is found to be less likely
except for the fundamental mode. This is because for higher-order modes, stop bands of the anti-symmetric
modes are signiﬁcantly diﬀerent from the stop bands of symmetric modes (see Figs. 4–6). Possible resonance
between symmetric and anti-symmetric modes can cause variable wave numbers at some frequencies. For
the corrugated plate it is not possible to study a single symmetric or a single anti-symmetric mode separately.
Interaction between all modes contributes to the propagation of a single mode at few bands of frequencies,
which are called as pass bands. In Table 2 all possible pass band frequencies for fundamental and ﬁrst two
higher-order symmetric and anti-symmetric modes are shown. Detail deﬁnitions of ‘cut-oﬀ’, ‘cut-on’, ‘cross-
over’ and ‘branch-point’ are available in the literature (see Nayfeh and Kandil, 1978; Bostro¨m, 1989; Stand-
stro¨m, 1986; Glass et al., 1981; Glass and Maradudin, 1983; El-Bahrawy, 1994a,b) and are not repeated here.
It can be seen from Fig. 4(a), (c) and (e) that the earliest ‘change-place’ phenomenon for symmetric modes
in three diﬀerent plates happen at X = 4.08671 (0.353 MHz), X = 4.28956 (0.424 MHz) and X = 4.35156
(0.5002 MHz), respectively. Cross-over of ﬁrst symmetric mode for Plates 1, 2 and 3 can be seen at
X = 3.8387 (0.33149 MHz), X = 4.21302 (0.4165 MHz) and X = 4.3856 (0.5041 MHz), respectively (see
Fig. 5(a), (c) and (e)). Cross-over of second symmetric mode happens at X = 3.901 (0.336 MHz) for Plate 1
and it does not occur for Plates 2 and Plate 3 (see Fig. 6(a), (c) and (e)). The right columns of Figs. 4–6 show
the phase velocity dispersion curves only for the pass bands for fundamental and higher-order (ﬁrst and sec-
ond) symmetric and anti-symmetric modes, in three diﬀerent plates.
All possible symmetric and anti-symmetric modes (fundamental and two higher-order modes) in Plates 1–3
generated between 0 and 2p normalized frequencies are shown in Figs. 7–9, respectively. It can be seen that
Fig. 4. Dispersion curves for fundamental symmetric and anti-symmetric modes: (a) wave number dispersion in Plate 1, (b) phase velocity
dispersion in Plate 1, (c) wave number dispersion in Plate 2, (d) phase velocity dispersion in Plate 2, (e) wave number dispersion in Plate 3,
(f) phase velocity dispersion in Plate 3.
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Fig. 5. Dispersion curves for ﬁrst symmetric and anti-symmetric modes: (a) wave number dispersion in Plate 1, (b) phase velocity
dispersion in Plate 1, (c) wave number dispersion in Plate 2, (d) phase velocity dispersion in Plate 2, (e) wave number dispersion in Plate 3,
(f) phase velocity dispersion in Plate 3.
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Fig. 6. Dispersion curves for second symmetric and anti-symmetric modes: (a) wave number dispersion in Plate 1, (b) phase velocity
dispersion in Plate 1, (c) wave number dispersion in Plate 2, (d) phase velocity dispersion in Plate 2, (e) wave number dispersion in Plate 3,
(f) phase velocity dispersion in Plate 3.
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Table 2
Pass band frequencies in diﬀerent plates with diﬀerent degrees of corrugation
Modes Corrugated plates
Plate 1 eD ¼ 0:049 Plate 2 eD ¼ 0:135 Plate 3 eD ¼ 0:205
Symmetric (MHz) Anti-symmetric (MHz) Symmetric (MHz) Anti-symmetric (MHz) Symmetric (MHz) Anti-symmetric (MHz)
Fundamental mode 0.00026–0.1815 0.00028–0.12176 0.000264–0.1987 0.000291–0.1305 0.00029–0.2287 0.0003–0.0896
0.186–0.2426 0.14019–0.1718 0.22838–0.262 0.25804–0.168077 0.2529–0.276 0.1437–0.1506
0.2771–0.3627 0.1986–0.208 0.3747–0.4449 0.1977–0.213105 0.4713–0.5184 0.206–0.222
0.4058–0.5425 0.2633–0.3186 0.4755–0.525 0.357–0.41027 0.597–0.645 0.458–0.4839
0.4326–0.5425 0.6011–0.6212 0.6437–0.684
First mode 0.23402–0.2504 0.21588–0.2245 0.3647–0.4369 0.27188–0.3865 0.4816–0.5299 0.2816–0.4954
0.3108–0.44818 0.2936–0.35405 0.4201–0.4923 0.31735–0.477 0.4655–0.5748 0.4483–0.5299
0.4922–0.53108 0.3972–0.4663 0.5546–0.6118 0.60318–0.6212 0.66102–0.6909 0.597–0.6035
0.60505–0.6212
Second mode 0.23402–0.33678 0.2167–0.32815 0.25705–0.4053 0.27188–0.3647 0.2655–0.333 0.2816–0.3575
0.3324–0.3713 0.33678–0.4404 0.43402–0.4449 0.3114–0.49433 0.3678–0.4495 0.3855–0.4547
0.42314–0.5425 0.5544–0.573 0.5173–0.5863
0.6129–0.6212 0.6782–0.7242
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Fig. 8. Wave number dispersion curves showing diﬀerent symmetric and anti-symmetric modes plotted for the normalized frequency (X)
varying from 0 to 2p for Plate 2.
Fig. 7. Wave number dispersion curves showing various symmetric and anti-symmetric modes plotted for the normalized frequency (X)
varying from 0 to 2p for Plate 1.
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plates. In Fig. 7 the fundamental symmetric mode is converted to fundamental anti-symmetric mode at
X = 4.1512 (0.3584 MHz) and produces stop bands between X = 4.5001 (0.3886 MHz) and X = 4.6503
(0.40157 MHz) due to ‘cut-oﬀ’ resonance between the fundamental anti-symmetric and the fundamental sym-
metric modes. It can be seen that the fundamental anti-symmetric mode is converted to the second symmetric
mode at X = 3.8102 (0.32902 MHz) and produced stop band due to ‘cut-oﬀ’ resonance with the fundamental
anti-symmetric mode which is also converted from the fundamental symmetric mode. The second symmetric
mode is converted to the fundamental symmetric mode at X = 3.98902 (0.3444 MHz) which has changed place
due to ‘cut-on’ resonance between these two modes. The converted second symmetric mode from the funda-
mental symmetric mode is again converted to the fundamental symmetric mode at X = 4.453 (0.38453 MHz).
A ‘branch-point’ phenomenon for symmetric mode can be seen at X = 2.7502 (0.23749 MHz) due to branch-
ing between ﬁrst and second symmetric modes. Similarly the ‘branch-point’ can be seen for anti-symmetric
modes at X = 2.486 (0.2146 MHz). Both ﬁrst and second anti-symmetric modes converted to changed place
ﬁrst symmetric mode at X = 4.012 (0.3464 MHz) and X = 3.721 (0.3213 MHz), respectively. The second
anti-symmetric mode produced the stop band due to ‘cut-oﬀ’ resonance between itself, ﬁrst symmetric mode
and ﬁrst anti-symmetric mode at X = 5.165 (0.44602 MHz).
Fig. 9. Wave number dispersion curves showing diﬀerent symmetric and anti-symmetric modes plotted for the normalized frequency (X)
varying from 0 to 2p for Plate 3.
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symmetric mode is converted to fundamental anti-symmetric mode at X = 4.5151 (0.4463 MHz) and produces
stop bands between X = 4.901 (0.4845 MHz) and X = 5.4003 (0.5339 MHz) due to ‘cut-oﬀ’ resonance between
fundamental anti-symmetric and second symmetric modes. It can also be seen that fundamental anti-symmet-
ric mode is converted to second symmetric mode at X = 4.8111 (0.4756 MHz) by following the path of chan-
ged place fundamental symmetric mode between X = 4.192 (0.4144 MHz) and X = 4.8111 (0.4756 MHz). The
second symmetric mode is converted to fundamental symmetric mode at X = 4.501 (0.445 MHz) and produces
the stop band due to ‘cut-oﬀ’ resonance between the fundamental symmetric mode and itself (converted from
fundamental anti-symmetric mode). Cross-over resonance can be seen at X = 4.2156 (0.41677 MHz) for the
ﬁrst symmetric mode and causes changed place. The changed place ﬁrst symmetric mode is converted from
the ﬁrst anti-symmetric mode at X = 3.9111 (0.38667 MHz) and produces stop band between X = 4.9512
(0.4895 MHz) and X = 5.6002 (0.5536 MHz) due to ‘cut-oﬀ’ resonance between itself, fundamental anti-
symmetric mode and second symmetric modes. The ‘branch-point’ phenomenon can be seen at X = 2.5902
(0.25608 MHz) and X = 2.7401 (0.2709 MHz) due to branching between ﬁrst and second symmetric mode
and ﬁrst and second anti-symmetric modes, respectively. The second anti-symmetric mode is converted to
the ﬁrst symmetric mode at X = 3.687 (0.3645 MHz). The ﬁrst anti-symmetric mode changes place due to
‘cut-on’ resonance at X = 3.6011 (0.35602 MHz) and is converted to the fundamental symmetric mode at
X = 4.9876 (0.4931 MHz). The above mention fundamental symmetric mode is converted to the second sym-
metric mode at X = 5.6212 (0.5557 MHz).
Fig. 9 shows the symmetric and anti-symmetric modes in Plate 3. Similar to the other two plates the fun-
damental symmetric mode is converted to the fundamental anti-symmetric mode at X = 4.5011
(0.51744 MHz) and produces stop bands from X = 4.801 (0.5519 MHz) due to ‘cut-oﬀ’ resonance between
the fundamental anti-symmetric and the second symmetric mode. The fundamental anti-symmetric mode is
converted to the fundamental symmetric mode at X = 4.2192 (0.48504 MHz) by following the same stop band
path as the second anti-symmetric mode. The stop band of anti-symmetric modes is from X = 3.1297
(0.3597 MHz) to X = 3.9876 (0.4584 MHz) it is observed due to ‘cut-oﬀ’ resonance between the fundamental
and second anti-symmetric modes. The second symmetric mode changes place at X = 4.3987 (0.50567 MHz)
and produces stop band due to ‘cut-oﬀ’ resonance between itself, fundamental anti-symmetric and second
symmetric modes. Cross-over resonance can be seen at X = 4.1165 (0.4732 MHz) for the ﬁrst anti-symmet-
ric mode and produces stop band from X = 4.6197 (0.531 MHz) due to probable ‘cut-oﬀ’ resonance between
itself and the ﬁrst symmetric mode. The ‘branch-point’ phenomenon can be seen at X = 2.4123 (0.2773 MHz)
and X = 2.531 (0.2909 MHz) due to branching between the ﬁrst and second symmetric modes and the ﬁrst and
second anti-symmetric modes, respectively. The ﬁrst anti-symmetric mode is converted to the second
6566 S. Banerjee, T. Kundu / International Journal of Solids and Structures 43 (2006) 6551–6567symmetric mode at X = 4.5087 (0.5183 MHz) and produces the stop band due to ‘cut-oﬀ’ resonance between
itself and the ﬁrst symmetric mode.
It is interesting to study these ‘cut-oﬀ’, ‘cut-on’, ‘branch-point’ and ‘mode conversion’ phenomena; however,
for NDE applications, the most important factors are stop and pass band regions that are listed in Table 2.
4. Conclusion
Mathematical formulation for the wave propagation analysis in symmetrically periodic waveguide is pre-
sented in this paper. The theoretical analysis for a waveguide with small amount of corrugation can be carried
out by employing the perturbation theory. However, the perturbation theory fails for large corrugation
depths. The formulation presented in this paper is a general formulation to study both symmetric and anti-
symmetric modes in a sinusoidally corrugated plate. This formulation is applicable for any kind of periodic
surface and has an advantage over the existing formulations in the literature, because those formulations
can only handle symmetric modes in waveguides with sinusoidal surface. In this paper three aluminum plates
with symmetric corrugation have been analyzed and both symmetric and anti-symmetric modes have been
computed. It should be noted here that this formulation is quite general and can be extended to anti-symmet-
ric corrugations as well.
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